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VIIL. The Differential Invariants of Space.

By A. R. Forsyrn, Se.D., LL.D., F.R.S., Sadlerian Professor of Pure Mathematics
vin the Unaversity of Cambridge.
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THE present memoir is mtended to carry out investigations, concerned with the

THE ROYAL A
SOCIETY

differential invariants of ordinary space and of surfaces in that space, similar to those
in a former memoir,* concerned with the differential invariants of a surface and of
curves upon that surface.

The method used in the former memoir is used here in what is the obviously
natural development. It is based upon the method,T which was originated by Lir
and amplified by Professor Zorawskr, When applied to two-dimensional invariants,
it proved possible to modify and simplify the later stages of the calculations by
making them dependent upon the concomitants of a system of simultaneous binary
forms. When applied to three-dimensional invariants, it proves possible to effect a
corresponding simplification in the later stages of the calculations; the required
functions are found to be the invariants and the contravariants of a system ot
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simultaneous ternary forms.

The expressions for an algebraically complete aggregate of invariants up to the
third order inclusive have been obtained. The calculations necessary for the con-
struction of these invariants were laborious ; indeed, the calculations for the invariants
of the third order are so long that in this memoir they have been suppressed, and
only the results are given. It may be mentioned incidentally that, among the
invariants of the third order, six (in particular) occur possessing a special property.
They can be so taken in the algebraically complete aggregate as to coincide with six
quantities which were proved by CAYLEY to vanish on account of the intrinsic
significance of the fundamental magnitudes. These six equations are the generalisa-
tion, to surfaces not orthogonal, of Lawm&s six equations for triply orthogonal
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surfaces.
The geometric significance of practically all the differential invariants of the first
order and the second order has been obtained. T have not yet attempted to identify

* ¢ Phil. Trans.,” A, vol. 201 (1903), pp. 329-402,
T References are given in the memoir just quoted.
VOL. CCIL—A 353. 26.11.03
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278 PROFESSOR A. R. YORSYTH ON THE

the invariants proper to the third order; there is reason to suppose that, when they
are completely identified in association with even a single surface in space, they can
be used to establish two fundamental geometrical relations affecting the surface.

The Fundamental Magnitudes.

1. The independent variables of position in space are taken to be w, v, w. That
position is also defined in the customary manner by rectangular Cartesian co-ordinates
@, y, z; and then u, v, w may be regarded as three independent functions of z, y, z.
Conversely, we shall assume that x, y, z are expressible as functions of u, v, w, which
are regular in the vicinity of any assigned position, save for singular lines or points
with which we are not concerned. Moreover, if

w=u(x vy, 2), v=0o(®7y ), w=w,y,?),

the surfaces u = constant, v = constant, w = constant, form a triple family; it will
not be assumed that the triple family is orthogonal. The parameters u, v, w of the
surfaces are sometimes called curvilinear co-ordinates.

Fundamental magnitudes for space arise in the expression of a distance-element in
terms of u, v, w, du, dv, dw. Denoting this element by ds, we have

ds* = do* + dy* + d2?
= adu®+ 2h dudv 4 29 dudw + b de* + 2fdv dw + ¢ dw?
= (a, b, ¢, f, g, h{du, dv, dw)*,

in the usual notation, where

a=5 (a‘”\g p=x(¥),  c=x <aﬁ)2

du/’ o, ow/’
ox ox <Oz dx ¢ 0x 0w
S= 2 9T Y T e

the summation being taken over the three variables x, y, z In each case.

The quantities «, b, ¢, £, g, h may be called the fundamental magnitudes of the first
kind, as involving derivatives of only the first order. Other fundamental magnitudes
may exist in association with derivatives of higher orders ;* they are ignored for the
purposes of the present investigation.

* Those magnitudes, which are the natural gencralisation of the magnitudes L, M, N in the Gaussian
theory of surfaces, are not independent quantities; they are proved by CayLry, ¢Coll. Math. Papers,’
vol. 12, p. 4, to be expressible in terms of derivatives of @, b, ¢, f, ¢, k.

It may be added that the memoir by CAYLEY, which has just heen quoted, contains the establishment
of the six intrinsic equations mentioned in the introductory remarks. For reasons which will appear in
the course of the memoir, I have found it desirable to deviate to some extent from CAYLEY’S notation.
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DIFFERENTIAL INVARIANTS OF SPACE. 279

Property of Invariance.

2. A combination F of any number of functions of , v, w and of the derivatives of
these functions is said to be a relative invariant if, when any new independent
variables ', v/, w' are introduced, and the same combination F’ of the modified
functions and of their derivatives is formed, the relation

F = o*F’

q = o, v, w)
9 (u, v, w) "

is satisfied, where

The invariants actually considered are rational, so that uis an integer. The invariant
is called absolute when p = 0.

It is a known theorem that the property of invariance is possessed in general, if it
is possessed for the most general infinitesimal transformation ; we shall therefore take

W= u+ €(u, v, w)dt,
v = 4+ 9 (u, v, w)dt,
w =w+ {(u, v, w)dt,
where £ 9, { are arbitrary integral functions of u, », w, and d¢ is an infinitesimal

quantity of which only the first power is retained.
Derivatives with regard to u, », w are required ; we write

a 61 +m+n
out v dw"

glr/m -

for any quantity 6 and for all values of [, m, n. 'With this notation, we at once have
the retained value of Q in the form

Q=1+ (5100 + Mg + gom) dt.

Arguments of the Invariants and their Increments.

3. As regards the possible arguments of a differential invariant of space, we shall
have the fundamental magnitudes of the first kind and their derivatives. It is
conceivable that properties of surfaces in the space and of curves in the space will be
involved ; provision for the possibility will be made by the introduction of functions
such as ¢ (v, v, w). One of these, equated to zero or to a constant, will give a
surface : two such surfaces will give a curve or curves: three such surfaces will give
a point or points. ,

It is not difficult to see that u, v, w will not occur explicitly in the expression of
the invariant, nor will any function of them such as ¢ (u, v, w) oceur explicitly ; but


http://rsta.royalsocietypublishing.org/

VA\
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

280 PROFESSOR A. R. FORSYTH ON THE

derivatives of such a function as ¢ will occur, and the order of the derivatives will
depend upon the order of the derivatives of a, b, ¢, f; g, b which arise in the invariant.
Clearly one invariant is provided by the determinant

IP=1la &h g¢gl;
h, b, f
g foc

for on substituting the values of the fundamental magnitudes in terms of the
derivatives of z, ¥, z, we have

- 0 (u, v, 'L{))

= ol/,
so that L is an invariant for which the index p is 1.

It 18 convenient to denote the minors of the constituents in L2 by A, B, C, F, G, H,

where
A =bec— 1~ B = ca — ¢, J=ab — 1,

F = gh — af, G = hf — by, H = fg — ch.

4. The laws of transformation of the various magnitudes are required in order to.
construct their increments which correspond to the increments of v, v, w. Writing

ds®* = (a, b, ¢, 15 g, BYdu, dv, dw)?
= (a, 0, ¢, 17, o, WY{dv', dv/, duw'),
we have 4
o= (cz’, v, e, flo g, W g;’;i . gz; , aaij—:y
= o (1 + 2&00 dt) + 2010 dt 4 29'L0 It
=d + (20100 + 2hn0y + 298i00) I,

on neglecting squares and higher powers of dt.  Similarly

b=V + (2hé + 2bmg, + 2fl0) d,
¢ = + (2980 + 2/mon + 2eo) dE,
f=F 4 ooy + 980+ Dnoor + . (oo + L) + eLoro} 1,
g =9+ {a€p + Mmoo + 9 (Evo + L) + Fnioo + ligo} 8,
ho=W 4 {a&, + 7 (& + M00) + 9010 + D910 + SLiood 2.

These six equations at once give the increments of o, b, ¢, f; g, i, They can also be
used to construct the increments of the derivatives of fundamental magnitudes, as
follows.
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DIFFERENTIAL INVARIANTS OF SPACE. 281

5. Let u, v, w become w17, v + 7, w + &; and let the consequent values of +/, ¢/, w
be o' 47, v+, w + '; then

V=04 {E@t vt w k) — E(u v, w)}de

= ’b + 2"2’ 7/) k ,‘;’lmn dt

”]i”

j’ =]. + 222’ ’ Nimn dt

F=ht3sy “”"" Gl

where 333/ implies summation for all positive integer (including zero) values of 7, m, n,
save only simultaneous zero values. Hence also for all integer values of p, ¢, », we
have

nzkn

'i’/j’qlclr = ’é"?jqk -{“-})th J”{J’},S,z, » Elmn dt

- < Z'?mk/z
J,'- q 1P .]7 ']GTEEM Z Y":)%Y‘%‘Y Nimn dt

2’ 7 2mkn

77 R AN
+ rigrlr IS ot

. L 1.
Now
a(mtovd+w+N=a@ +7 0+, W+ )
+2a(uti, v+, wtk)éguti, vty w+k)de
+2h(udd, v+, wAdE)ng (w7, v+, wt k) d
29+ 045 w4 k) Lo (w42, 0 47, wt k) de.
Expand the first term on the right-hand side in powers of ¢/, 5/, ¥, and substitute for
all combinations such as 7724 in terms of 7, 7, & ; expand also all the other quantities
in powers of 7, 7, k, and select the coefficient of ©%/#k". Let

=

\
o . = . + (Za “afy (ZL .
o By dt

V)

™h

then, neglecting powers of d¢ higher than the first and multiplying up by «! 8! y!,
we have

_da ‘o) /B
ALY ! § iy
[f Y 222 <l m 2: 1 atﬂ-lml, Bty ‘ymnélmn + d’a*?, B+1—m, yu-nnlmn + a‘a—‘l, B, y+1-n€lmn}

s () (B -
+ 2222(Z> <777,> <2;/> %u/ —1, B=t, yn«';zgl-l-l,. T, n+ka-t, B=ii, y»«ﬁy}l—i-l, ", 'n+ga~1; B, y~=7zgl+1, ”n, n})

where the summations are for all integer values of 7 from 0 to a, of m from 0 to B,
YOTL. COIT,~—A. 20
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282 PROFESSOR A. R FORSYTH ON THE

and of n from 0 to v, the simultaneous zero values being excluded from the triple
summations 353/ in the first line of the right-hand side.
Proceeding in the same way with the expression for the increment of f; we find

df. a
o ,,J({l;@y- foronnd 222/ <l> <§l> <2;,> {.](;'H—(, B, y~~7z,§lnm Jf— f—«l, B41—m, ymnnlmn +.f;——l,{3-m, y+1-—n,(:lmn}

_l_ 222 <OZL> <§2> (2;> {ba—-h B, «/“ngl, ity w1 + gawl, B--m, y~—n§:l, mA1, n

h{‘" Z)Of—l, G-y =0T, m, 41 .,}.,, _f;ml, B, y—=nTJl, m+1, n

S o
I~ ,/a.~l, B, 'y«-n(sl, gity 1 -‘}“ 0a-7, B—m, 'y—-nCl, m-1, n}s

where again the summations are for all integer values of [ from 0 to e, of m from 0 to
B, and of n from 0 to v, the simultaneous zero values being excluded from the triple
summations 333 in the first line of the right-hand side. )

Effecting in these two results all the interchanges that correspond to the interchange
of the variables % and v, we obtain the values of

o @3@_ . - gég'gﬁy .
dt di

and also effecting in them all the interchanges that correspond to the interchange of
the variables « and w, we obtain the values of

eren gl(;aﬁy s 9[/1/53},
de ’ dt

The expression for the increment of the derivatives of any function ¢ (u, v, w),
where ¢ is unaltered in value by transformation, can be obtained in the same way as
was that for the increment of the derivatives of @ ; it is found to be

m

de, o Y4
- ‘(gtﬁy = 222, <Z> <18) Q;};> }’ ¢a+1~‘l, B-=1n, 'y—nfimn + (/Z)a-[, B1-—m, y-«aznlum + (ﬁawl, B—m,y +1—-71Clmn} ’

.

with the same significance for 223" as before.

It thus appears that it the highest order of derivatives of the fundamental
magnitudes that occur in a differential invariant be M, the highest order of derivatives
of'a function ¢ that can occur is M +- 1.

6. In order to avoid encumbering the memoir with vast masses of symbols,
1 propose to exhibit the mode of constructing differential invariants up to the second
order, that is, invariants involving derivatives of a single function ¢ up to the second
order and derivatives of a, b, ¢, f; ¢, h of the first order. Then I propose to indicate
what are the differential invariants up to the second order that involve more than
a single function ¢. And as the last part of the merely analytical portion of the
memoir, I propose to state the results for differential invariants up to the third order
but to give practically none of the contributory analysis. Some idea of the protracted
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DIFFERENTIAL INVARIANTS OF SPACE. 283

character of the calculations needed for the construction of the differential invariants
of the third order may be gathered from the fact, that they require the complete
solution of a Jacobian system of fifty-seven simultaneous partial differential equations
of the first order and the first degree.

For such analysis as will here be given in detail, we need the following particular
cases of the preceding general results :—-

da . Ny
o = 20y + 20500 + 20800
db . o p
- dt - Zhgol.o + Qb"’low -+ Z./éom»
de o - o .
T 298001 + 2/Me0r + 2y
{

- EZ{: g€+ "o +f77.om + oo + ¢oro + SCoors

{
(l(/' = Y&+ @Eoor + oo+ hangor + Lo + 9o,

1/
f/ = & + €10+ D000 + Angro 4+ flio + 9800

fZ“J 00

T = 3ay00E100 F 2oy + (¢t F 20100) 100 + 20mag0 + (Ao + 29100) 100 -+ 29800,

da . .
- ....d(tHQ = 2dp10€100 + Sipo€oro + 20150 + 2]7'01077100 + dormor + 2010

+ 290108100 + %110 + 2981105
do& ¢ bs
- “62201 = 2atg0,100 + %100€001 2aé,y, + 2hoo1m100 + Ao10%00, + 2’”)101
+ 290018100 + @oorloor + 298101

by ¢ ]
- ""'d’;)’) = bygo€ro0 + 2h0eéor0 4 20E10 + borom 00 + 2010010 + 2bm )14
4+ o100 + 2/ 1008010 + 2/ 0
dbyy,

T dr = (bloo + 2"010) oo + 20000 + 3bgymor0 + 207490 + (6001 + 21 010) Lowo + 2/ Lones

— d ,Z(;ol = 20016030 + D100 + 2hEe1s + 2boornorn F Ponomoor + 20m01,
+ 2fo018o10 + boordoor + 2/%o15

- L%‘gﬂ = 1006100 + 291006001 + 29€101 F Cor0m00 + 2/ 100m001 + 2/May
+ condioo + 2100800 + 2¢40,

dg;m = ¢100€010 + 290108001 + 298011 + oo + 2 010m001 + 2/M0n

+ comboro + 2¢q1000 + 2¢Lons
_de .
rm = (Cy00 + 29001) £on + 29 fooz (0019 + 2fom) Moor + 2/Mo0a + B001loor -+ 2¢Lopa 3
202
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284 PROFESSOR A, R, FORSYTH ON THE

df » )
- (/Z?” = floofmo + J100€o10 + ooont + g€ + 1€
+ J%lo”hoo + fwo"lom + bwu’”lom, + f”’?uo + Z”ho]
+ Jon&ioo + oo + Srooloor + ¢l + J o

_ o

ar (floo + .(]ow) Eoo F+ liobonr + g€ + €1
+ 2f0w’7010 + bo.to")uot +.ﬁ70::0 + b’]mn
+ (f(m + Com) Soro + Jowlon + ¢loso + Slons

Z 4‘[ Lo o I 7 Lo
- ‘(J;<2>1 == Goororo + (oo + Foor) Eoor + 9601, + 1€on
+ ﬁ)omolo (.ﬁuo -+ Z)om) Noor f N1+ b’?coz
+ Con18oro + 200 loor T+ oy -+ S Lo

dg . . .
- *E%O"U = 201005100 + %0000 T+ 9€a00 -+ @€
+ (910 F Sr00) Moo F ragmoor =+ S0 m
-+ (%OL + Cwo) Cro0 + G1008001 + ¢Laoo + 9C101:

e . . .
— Yo — For0€ 100 + 106010 + Coro€oor + €00 + wdoy

dt
+ Soumoo =+ Gormon F+ Lo + Sie + Ty,
4 108100+ Gon oo - Juroloor + ¢8yio + 98

de - ‘ e . .
— Lo Yoo+ (o, + g wu) Soor + €10+ 2o

di
+ Sooimioo -+ (hom + .f/um) Boor + S+ e
-+ Coo Croo + 290018001 + Cgm + 9l
l . .
- (7;;@ = 2066100 + 1066010 + ooy + a8
+ (horo 4 D100) Moo + Frroomono + 09ag0 +/ Mo
+ (hom + fmo) Gioo + Jroolong + S Looo + 981105
Z/ 0 “ © FoA o
- ”C"C'Z‘Z“)t‘m = hy€io0 -+ (@0 F Tago) Eoro T 2110 + i
+ boioo + oo <+ 00+ hgs
+ /[)Jocloo + (.C/ow + /"ool) Lo+ ST+ 9800,
dh
- d(ém = g €100 + Coioro F+ MrooSom + héo + adon

+ b001’7100 + '71'00177010 -+ h01o’7001 “+- Z’"’?101 + ]“7011
- J%olcloo + Jon1loro + Poonboor + Sl -+ 9o s
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|
0
()3

7
= (cl;ltm = b100€10) T Poromon + Pooiioos

d .
- "22‘0 = d16u10 T+ Pororo + PoorGowns

d -
- (Lﬁ(;m = $ronéor F Porwnoor 1 bon o s

. . “ . .
- Z@Zm = 2‘f)soo§ 100 (Il’mosL a0 T 3‘/’{00’7100 + ¢’o1u"leoo + 5‘/’1{»151«)0 =+ ‘/’(Jolgi()(n

(l B) ‘ ol ol 13 4
_- ?z;"g = Zd’uoéom -+ (f)moéuzo + Z‘If’o;zo"low + ‘1)010”’70:10 + ZﬂbmlCOlo + ¢’001§02<)>

(l B B of ¢ ¢
- :i;';) = ‘34’1.01@'001 + (/l’wofor)s + 5%11’7001 + 9”010’700;3 =+ 5‘/300:36001 + ¢OOJCOUQ>

o . .
— ;;%19 = bpoéio T+ oo F Prn€io F oo + Pumorn + o
+ b1l + Proilon -+ Ponlin

¢’mlému + ‘ﬁszwfmm + ‘f).muflm + (15011771,00 -+ (f)uuﬂom + §bul(f’710|
+ </’«)05:C1«J0 + ¢1<)1§um + (/)L)L)léml»

. (;Z‘{blm
dt

fl

— {Z¢‘un

(t

(l’lojfuw + ‘/)Julé&um + ‘/’mofou + ‘/’ull”’?on_u + (f‘uzoﬂom + (i’uw’?ou
+ bl + ol + ¢001€on-

The Differential Fguations characteristic of the Invariaice.

7. Let o denote any differential invariant involving at least some of the
(uantities whose increments due to an infinitesimal variation have just been given,
The differential equations characteristic of the invariance can be deduced from the
equation

o= Q'q¢’

in the usual manner : we substitute for each argument ¢ in o’ its value
0
0+ - dt
T de 7

and equate to zero the composite coefficient of d¢ on the right-hand side. The
quantities &, %, { are arbitrary and independent; the coefficients of the various
derivatives in the last equation must therefore vanish. These relations are the
partial differential equations which, up to the order of differentiation retained, are
characteristic of the invariants ; they are as follows :
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There are the three equations

do do do 1
20 97 7 ( =0 |
’ detygp a‘l {— 7 ‘}7 P Aepa ]
R 30' Rles dor -
20 T 40 7 4 bl =0 Lo (1),
l Oet 0 Mgy jaf]w R 8‘/)7)0 1 th)
0 oo’ ' [
29 .7 -+ + ¢ + = ()
7 aa Y100 fa]hoo Br/“m P ()Gl’»n J

from the coefficients of 5200) Tagos Logo Tespectively s the three equations

\

) ' J \ a(} o

o 00 (o ERCCEY oy oo —0)

( I + ahlco) + ( abmo a/’010> 7 <9/m( 89’010/ + b 3, !

aa' / dor O N
pi2.90 4 do [y 0 + =0 ),
' \ 0“010 a”100/ o ( abJOO abow) + /Qa/pwo f’om) o ad)l!! ] (1)

J

/ '30‘ do do do Co
2 ¢ > P L C < ot e == 0
J ( da W10 ahmo + fQ al’m() ahom) + 8f]()0+ 89’01(1) " (/)om 8(/)]1,,

from the coefficients of &1, 9110, {110 respectively ; the three equations

/. oo > < > < o do- )
a2 = h -+ + 2 - =0
‘ (\ Ity 89'100 + afloo + a/’ouJ 4 900 a(‘mo) P10 Oy,
d a()" (J(T .
< 0“001 + a9100> +! (afloo ahom / <a.9’001 a‘mo/ F b a¢l{)l ()
do do > / do | do > / oo \ —
/ ¢ A 42 + =0
(/< 8@001-‘—8(]100 \af 100 ahom \0G00, a(Ioo il "’(lsm —

from the coefficients of &gy, 9101: L1071 vespectively ; the three equations

do
a 2h “+ g b = 0|
ahom + abOlO afom F b a‘f’ooo ’
dor do \
4+ 20 T ST =0 . . . (IL),
oty 2 sy + g, e | (L)
o Z ¢ - "'( o= {) |
/ahow+ fazow l ]010 o a(Pom /

from the (,oefhments of €05 Mogos Lono 1espectively ; the three equations

! Oo oo oo Cor o Oo do 1
Fe Al h <Z Y L < I R :w = = O
(871001 89010) o azom + 8fo10> afum N acmo} P ‘lsml %
oo / Ou \ !
e+ o) oo+ ) -
ch Y001 + 39010) 0 abom 8f 010 + f\‘”f 01 " Be om/) Po0 54 ‘f)ou 1
/

b ) (2 ) o 2 )

U(‘] )
\"‘fom 210/ ‘ﬁ 011

- (1),

~ 1
oot G010 3f oo
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from the coeflicients of fou: Mo Son reqpective]y; the three equations

'30' h
a hsZe 4 29 2% =0
89001 + 8f 001 OCon P ; a(f’ooz
do
b of L 4 =0 . . . . . (I),
857001 + afom + f OCoo1 Pon0 5 a(f’ . ¢
Oa' dor
T T 2 0T 4 =0
09001 + faf 001 + Coo1 Poo ; 8({; J
from the coefficients of &, 77002, Looa respectwely; the six equations
Ay (o) = 2k ’C +f 8/ + 2110 qqs -+ g0 ; a¢ -+ don 5 3(}5 ~+ oo é?ﬁ;oo
0 ) do
+ (g + 2hmo) Ey + 2ho10 - a 7. + 2hgoy 9 gy + bmo 8] oo - = ¢oio 80100
oo “o*
Ewan ¢ —{‘—
+ foo Fron (]ow + floo) 39'1 + fEno BJ Joot Bg :
o
+ (kom + bmo) + bom 8] + 001 8]205; =0,
Ay (o) = 298 +f8h + ¢ 8( ~+ 2101+ 8(/»00 + boir- 895 + boos 8(}51 . -+ boon 8(/)30
¢ 1 ¢ a 5 ao' ] aO" aO‘
+ (@01 + 26100) 8" -+ 29010 s “00:173 + 290m S + Doy T + Conn dor
dor oo oo
S g c e e ey —
+ Jom oo (/001 + 100) 8 mo 010 a%m 001 3o0n
: . Odo dor
+ (hooy + J 100) e / oo -+ Jow 555}) + Joor 371001 0,
Ay (o) = + Z] 3 + 9 af + 2110 3({5) -+ bogo 8(;5“0 + (Jblm 8({ b0 a(bm“
+a ~ 4 2h (s +(() + 20410) +277 e dg.
100 - a( ”0 “100 ab 100 010 a( 001 aL(‘n 0 f)
oo do- oo
I G0 - fl . (floo %m) af + Goor- af -+ G100 39010
oo do _
+ 00 T + (010 + 71100) Sy, + Ao F 0,
0
Ay (")""Ja +2f8 """ 8;-'!’2‘?5011 8<f> +<151m aqslm‘l"f?ooz a¢. +¢om 9;!)"1”0'
dor
+ o1 aaow + fJoo "l' (bom + Zﬂno) + fom ab -+ Coo1 aw

. 0
+ ¢ 5f1 " + (]%01 + Cmo) Bf - o Bf + Fom aJZo

St h _£~ =0,
+ G100 ahmo + (9’010 ~+ hoo) Shore + Jon oy ;
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do o

A, (0') = “ + h 9f + ZJ e + 2w 3#’00* + doo qqsmk + qu 895 RACF ’}(ﬁ"m

+ 00 880' -+ ?)100 8() -+ 20100 78—5- + 29010 8(3:10 + (€100 + Z./om)
-+ 72’100 f ~+ 7010 a]z ~+ (fioo + 73001) Bf o g 82:;0
+ gy ,}?m (o + F100) 82/:;; + Do ai:;{ =0,
Ay (o) = ?};’ iy ‘3}3’ 7+ 2¢m 32&? + o ’}f,fm + do. a¢1 -+ bo a</>( .
+ g a"” + boy a%’; 2 oo g+ U g+ (e + o)
+ Z’mo 5 /} - bom Wo + (booy -+ /E)m) »!-» Do aé/mn
+ o adfjo o+ o) g+ gy =0

from the coeflicients of 7,00, Lgor s Lovow oo Mogr vespectively s and the three
equations

dor dor dor
A‘" Ofé ¢ 7 (/ + 3 A ) { { + (
7 (0“) + oh + zl’ 00 d‘fbﬂu + f’n ) qu /H (bm ¢m> a(}"mn

oo Jor
3 2 2 l A :
+ e 8 + o da 010 ;T o a Ton t o abwn + o Oy

dor do Jor ;. Oo

nes o 7 2

+ flm ?f 100 i F\J , T oo 99ma Joor o 1 Do

0 0
o Poro “(/U + o gy = 1

u 1]

_ So‘ dor
Ag (o) = 73 + 20 + faf + 2(#000 a‘ﬁm + ([)m a‘lsn b ’}95011 + o ad’”m

0 0 J 0
+ oy 8 0’ + 20 A =+ 3Dy 31:;0 + 2y 8(60 + Coio: De <.

2100 abl()()

Co1o
do 4 g Oo
+ fioo aﬁ ); “ﬁna 5, (;10 + fom 3f ~+ Jor0 8 + SU0) ahm@
do o
0 v
~+ 24y afmo + hom Doy lep
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’30- dor dor oo
Ay ( ) — / «‘“‘ +f( + 20 + 2y A + b - + o ny P
ay a(f’um a‘ﬁwl aqSU” ( afl)oul
?)(r oo co oo oo
ot 2T A D 0T 2000 T A 2000 T By LT
" a o1 ' ab(m e Cron o 0"010 ! Iy,
0' cor
+ S+ + 2 ot A Gow o
10 /er f’w qfum “m um F100 7(]1) oo a’/ow
dor
+ "’JU()I f\ + /IU(H ’1/ = /"L(Te
Jtml ooy

from the coeflicients of &, o0, Loy vespectively.

The svmplest of the Tuvariants.

8. The only differential invariant, which involves a, 0, ¢, £, ¢, &, without any of
their derivatives and without any of the derivatives of ¢, is L2

The equations (II)), ..., (IL;), as well as all equations arising from the higher
derivatives of &, n, { are evanescent when no derivatives of «, b, ¢, f, ¢, h, ¢ occur,
The six equations A, (o), ..., &g (o) arve satisfied uniquely by

2do_ 200 _ 200 _ 100 _ 100 _ 1o
Ada —Bob Cee Fof  Gog  Hoh

= p)
say ; and the three equations 4, (o), Ay (o), A, (o) ave then satisfied uniquely by

s M Owr
P 1
By eﬁ.‘ecting quadratures in the relation

do = ; do 4. + ,\/ T,

[o]¢
we find that o 18 a constant multip]e of 1. The lowest power of L, which is
rational in a, b, ¢, f, g, h, 1s 1.¥; we therefore take 1.* as the one differential invariant
of the specified character.

9. There is no proper differential invariant of the first order in the quantities
a, b, ¢, f, g, h alone, that is, there is no invariant (other than I.?) involving these
quantities and their first derivatives but no other variable magnitudes.

Let any such invariant, if it exists, be denoted by o. The equations which arise
through derivatives of §, n, { of order higher than the second are evanescent. From
the equations (IT)), (I1,), 11;), we have

Jo _ do oo

O“100 T g O .
do _ do __ do _ 0
ohyo  Obge o ’
do _ Oo __ do _ 0

G001 oo dcgy
VOL. CCIL—A, 9P
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and from the equations (IL,), (IL), (1I;), we have

, Co oo 0 =9 dor do O oo
2 7 Ty = 9 N
Oty Oy by, gy 9J100 Yoo
~ 2 ) ~ N e

co doo 0 =29 0O doo _ dor oo
LY N, T Y T A N T e A ’
gy Y OCg0 9001 <Froo oo

o OO0 oo ., oo oo doo oo
2 Y -+ = 0 == 2 97 - r} = 0 _,\/ .
“Dom ‘fom Coto oot Y10 ONgoy

These equations show that no one of the first derivatives of «a, b, ¢, f, g, h occur in
the hypothetical invariant; that is, there is no proper differential invariant of the
first order in the quantities @, b, ¢, f, g, h alone.

10. Next, are there any diffevential invariants, which involve «, b, ¢, f, g, b but no
derivatives of these quantities and which also involve derivatives of a single function
¢ of the first order but none of higher orders ?

The nine characteristic equations are

dor , 4 o Lo ) ;
20 9 4197 4 F U 4y R
oy T ooy T gy T hogy
z(a"+f'§‘?"+<vaf’7~+»(s ¢ =y
Toa T ™ oy T Mg, T
oo oo do dor
o TGy T op T g,

dor

oo dor 0o
o D 2 1" =0
G, TH gy e g T dug

8f oo Opng
h i; “}.‘ b 2; Jr‘zfg:r 4 (/’mo ;)jb(:m =0,
TN SR AL e Pkl
e gg A+l fj)% —J g} A %- + oo 533;0 = oo '(;33)(:‘:” =0,
+ P ﬂic:_oo.‘}"...??‘}ﬂlo é%%}; + ooy @/‘3’(”;]‘ = 3po.


http://rsta.royalsocietypublishing.org/

A
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

Py

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

DIFFERENTIAL INVARIANTS OF SPACE. 291

The last three equations replace A; (o) = po, Ag (o) = po, Ay(o) = po, being
A (o) = Ag (o) = 0, &7(0) = 8y (0) = 0, Ay(0) + Ag(0) + 89 (o) = Bpo.

Inspection of the first eight equations shows that they are the differential equations
of the invariants and the contravariants of the ternary quadratic

(a, b, ¢, [, g, XX, Y, Z),

the contragradient variables being ¢q0, bo10s oo Let ¢ be such an invariant or the
leading coeflicient of such a contravariant, that is, the coefficient of the highest power
of ¢4y ; in the latter case, the contravariant is uniquely determinate when ¢ is known.
Now ¢ satisfies the five equations

25 S e =0,
ey
h% + b %%+2f§i =0,

This is a complete Jacobian system. It apparently contains five members : but the
fifth equation is a linear combination of the first four, and therefore the system really
consists of four equations. It involves six variables, viz., «, b, ¢, f, g, b ; and therefore
it possesses two independent solutions. One of these is L?; the other is easily seen
to be be — f?, = A.

Returning now to the system of nine equations, and bearing in mind the fact that
the first eight possess two solutions, one being I* and the other being a contravariant
of the ternary quadratic which has A for its leading coefficient, we have the
contravariant in the well-known form

0 = (A» B, C, F, G, HY00, Po105 ‘f’oox)g'

The ninth equation is satisfied for any solution which is homogeneous in a, b, ¢, £, g, &
of degree m and is also homogeneous in ¢4, boi0, Poo; of degree n, provided

2m 4 n = 3u.

Hence the value of p for ® is 2.
There is thus a single absolute differential invariant of the type specified; its
value 1s '
6L~
2 p 2
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11. Proceeding as in § 9, we can similarly prove that there is no proper differential
invariant of the first order in the quantities @, b, ¢, f, ¢, I, which involves the first
derivatives of ¢, that is, that L? and ® are the only invariants which involve the first
derivatives of ¢, the quantities «, b, ¢, f, g, h, and their derivatives of the first order.

Invariants of the Second Order.

12. We now proceed to consider the aggregate of algebraically mmdependent
differential invariants, which involve «, 0, ¢, f, ¢, 1 and their first derivatives, and
which also involve derivatives of ¢ up to the second order inclusive. It has been
proved that when no derivative of ¢ occurs, there is only a single such invariant, viz.,
L?; and that there is one such invariant involving the first derivatives of ¢, viz., ©.

The equations characteristic to the invariants are the set given in §7 ; their number
is 18 4- 6 4 8 = 27. Taking the last three in the equivalent form

Ay (o) = Dy (o) == 0,
A, (o) = Ay(o) =0,
5:() + Au(o) + 4 (o) = o,

and assoclating the first two of these with the earlier 18 4 6, we have 26 equations
in all.  They are linearly independent of one another; and they form a complete
Jacobian system. The number of variables that occur is

6, for the quantities a, b, ¢, f, ¢, I,
- 18, for their first derivatives,
- 3, for the first derivatives of ¢,
+ 6, . . second . . . ¢,

being 33 in all. There are therefore 7 solutions common to the 26 equations; two of
them are already known, being L* and © ; and therefore other five are required. It
is manifest, from the manner in which these five have been selected, that each of
them must involve second derivatives of ¢.

The remaining equation will be found to be satistied for each of the five solutions
by the appropriate determination of the index p in each case : the actual determination
is made in a simple manner, owing to properties of homogeneity possessed by the
solution.

13. The mode of manipulating the equations, so as to obtain an algebraically
complete aggregate of integrals, is similar to the mode in the corresponding investiga-
tion of the differential invariants of surfaces.

We begin by obtaining the proper number of independent integrals which belong to
the set of eighteen equations (IT))...., (II;). This set is, in itself, a complete
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Jacobian set; as it involves 83 variable magnitudes, it possesses 15 independent
integrals.  Of these 15, nine are easily seen to be

CY/, b: Ca,/; [/, h:
4’100, ¢o10> ¢oo1-

Other six are found to be

a = 202, — Paygy = Q (2009 = ty0) = R (29190 — “um)hw
b = 2L — P (20q), — i) = Qb — 1 (2f010 = Do)

¢ = 2L2¢y = P (2000 — ¢100) — Q (201 — emo) — Rewy
f=2L2¢, — P (= fig 4 Jowo + Fon) = QDo — Regy ’

g= ZLQC/)ML - P"’oul - Q (fw() = Joio T hom) — Reyy
h= 21‘24’110 - P("o‘.o - Qbmu - R (fmo + G = /'um)

where

P = (/)10()7 h;

9
%ﬁbom: b, f
|
'd’nmv f; C

Q= I ¢’10m 9, o == ]}Iqsmn + Bd’nm + F‘/’(mn
' ([’O_lm f> b
} 7’)()‘)1’ C.? !/‘ H

» ! N w &
R b s h = G?S]()() -+ B(l)ul() + (/(/)uor
’ (l)nlm /2’7 b
' (IS()()D s f |
i4. A way of constructing these six solutions will be sufficiently illustrated by
giving an outline of the process for any one of them, say the first. The form of the
differential equations suggests that they possess solutions, which are linear in the
first derivatives of «, b, ¢, f, ¢, and in the second derivatives of ¢; we therefore
postulate a solution in the form
oT2 o (
2Ly = actygn = Bhygy = 10 = 1biog = Ming = pe i

— 8“01“ - U’fom - 9(]010 o= Vbow - P/(.JI() == TCpyyp

o= A()SIOO + }I¢()10 + G(/)()()lﬂ

Il

€l 77]’001 = Wy = 7TZ)0<)1 - Xfum, = VCyy1»

where the coeflicients a, . .., v do not involve first derivatives of «, b, ¢, 7, ¢, h or
second derivatives of ¢. In order that this expression may satisfy the three
equations (II,), we must have

2ao - hB + gy = 2L 4,
Sho ~}- ;),3 "‘}"f’)/ = 2:[49(/)010;
290 -+ 18 -+ ey == 2L2¢ 01,
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and therefore
Bl 1

w=P, pg=20Q, y=2R

In order that the three equations (11,) may be satisfied, we must have
a(28 4+ B) + (2 + )+ g(h-+6) =0,
h(28 4 B) + b (2 + ) + (N -+ 0) =0,
028+ B) + /(2 + O+ e+ 6) =0,

and therefore
20 4 B==0, 24 L=0 N4 =0

The three equations (II;) similarly give
2e fy =0, 2u-+i=0, A+tyn=0;

the three equations (I1I,) give

v=0, p=0, [=0;
the three equations (II;) give
Qr+p=0, 2rdy=0, O0fn=0;
and the three equations (I1;) give

cvm= 0, ye== 0, == 0.

When these equations are solved, it appears that the only coefficients (other than
o, B, y) which do not vanish are & and e; their values are

S=—10Q, e= —R

Inserting these values, we obtain the quantity which has been denoted by a. The
other five solutions can be constructed in the same way.

15. It may be remarked that there exists a certain symmetry in the quantities
alveady obtained (and in corresponding quantities of higher orders) which may be
used for comparative verification of results obtained or for avoidance of long stretches
of algebra by deducing new results from results obtained. The symmetry arises
through the effects caused by interchanging v and v, » and w, u and . as follows :—

wandv | b | a | ¢ | g | Sk b alc g PR
; |
i ‘ ’ ;
vandw |« | ¢ | O | Ff 1 A gla e b £ h g PR, Q
1 | |

wand w | ¢ b a i by J Sole b a |k i g £ RIQIP
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Thus R is unaltered when u and v are interchanged; it is changed to Q, when
v and w are interchanged, and to P, when % and w are interchanged. The
interchanges of a, b, ¢ among one another, and likewise those of f, g, h among one
another, caused by interchanges of the variables u, v, w, are indicated in the table ;
they could be used to deduce b and ¢ when a is known, and to deduce g and h when
f 1s known.

16. We have now to obtain five functional combinations (other than L? and @) of
the fifteen quantities «, b, ¢, f; ¢, h, 1000 Por0s Poor» 2 b, ¢, £, g, h, which satisfy the
nine equations

Ar(0) = Bg(0) =0, Ag(o) = Ay (o) =0, A;(0) + As(0) + A (o) = Bpo;

and the functional combinations which are rvequired must contain some of the
quantities a, b, ¢, f, g, h.
It is easy to verify the results in the following table :—

— | . M, B}
| a b c | f g h
|
Ay 2h 0 0 0 f b
Ay 2g 0 0 0 c f
‘ f i |
Ay 0 2h ‘ 0 i g 0 a
; T o : D
Ay 0 oo 0 ¢ 0 g
S : |
As 0 0 2g h a ! 0
A0 0 9f b 0
A 4a 2b 2¢ 9f g 3h
A | 2a th 2e 3 Dg 3h
| B e —— e
Ay 2a 92b O T 2k

which should be read A, (a) = 2h, A} (b) =0, and so on. Hence now denoting by o
any one of the five functional combinations of the fifteen arguments, the first eight of
the equations take the form


http://rsta.royalsocietypublishing.org/

A |k

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

OYA
ASHONS SOCIETY A

PHILOSOPHICAL
TRANSACTIONS

Downloaded from rsta.royalsocietypublishing.org

296 PROFESSOR A, L. FORSYTH ON THE
oo dor cor oo rex Cor cor
. i J e J J 7 7 .
T AL N ST N NI LS S L)
cat ch oy da h g roo
b, 00 , OO Jdo | o 00 | p 00 do dor
ﬂ‘/a_"i“f«'/ ‘e 428+ t., +e¢ «m‘“%‘(l’om.‘a””‘ =0,
ca oh oy o ch ‘g b0
oo 0o Co Cor cor rex Cor
i A+2h g e 2h g b, =0,
ch ob of ch ¢ of by
- ~ ~ - -~ ~ ~
Bl NN ot co CO e U0 oo ) co
) A O R N Ly
ch ob of ch db of ot
~ ~ ~ - ~ -~
. g 5 00 o oo prex og oo -
a o + /"' _!‘ ‘“)‘.(/’\, ) “]LA @ o ‘}l” h e —‘Eﬁ 5% ~ + ([)ll)‘) ~ - (} 3
¢y of e ‘g of 0e Oy
oo oo oo O dor o o
7 J PN J ) el : J -
h P b = 27 = h b e 2800 A b A =0,
e of oc og of 3l Oebuoy
" o oo oa co [ Oo O 0 OO0 o Co
200" =D ——»4-(‘ SEARAA ‘)(a,-~ «n;A)-,.)M.Lm Gt T — =0
~E o 0 A ~ 1 Lna ~ ——
< oo Cob) T oy J of . oa ob/) Cog T of Proo 8100 Puto oo ’
" Vo do oo oo " Co oo do .00 oo co
5] . / 5] 4 S P ~ U/ / —
20 a- ——c'-~~<>+h — »—-+u(a' — -)+h S s S — = 0.
< oa dc) oh f?f \ca de/ oh Of (f’“"af/)m(, O b

The ninth equation takes the forni

0 o dor 0 o Sor
9 ((Z t}ﬂ' Z) [efen ¢ [efe) . . f/()‘ ) . (/O” L /8/ [0)s)
e -+ =+ +-/ 2 +y » .

. da ob de of ch
+ 8 (//a8<r Ly oo +e Co 00 ,rf)o* ! 6(;)
R T A O SR B R e iy
oa b ce T oF U Pog oh,
o oo do

!
+ (/)1«,() (}(I)IUU ‘ (/)010 a(f)o'm + (ﬁ()Ul a(ﬁmn Lo

Inspection of the first eight equations m this form, coupled with the Iimitation
that some at least of the quantities a, b, ¢, f, g, h occur, shews that they are the

differential equations of those invariants and contravariants of the simultaneous

ternary quadratics
(0, b, [ g XK.V, P

(a, b, ¢, £ g, BYX, Y, X),

which nvolve the coetticients of the second of these quadiatics, and that the contra-
gradient variables (when they occur) are ¢y, o P The ninth equation ig
satisfied when the index p is appropriately determined as follows: let o be homo-
geneous in ¢, P Pooy of degree n, in a, b, ¢, f, g, b of degree m, in a, b, e, f, g, h
of degree [ ; then

8l -+ 2m 4 1 = 3p.
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Now the complete system (being the asyzygetically complete system and not

merely that which is algebraically complete) of two ternary quadratics is known ;* it

thus enables us to select the five concomitants required which, it is to be remembered,
are to involve the quantities a, b, ¢, f, g, h.  Let

A = be — 7, B = ca — g%, C =ab — h?%

o

F = gh — af, G = hf — bg, H = {g — ch,

A = be 4 be — 2ff, & = gh+ gh — af — af,
Y = ca + co — 298, ¢ = 1f 4+ hf — bg — by,
¢ =ab+4ab—2kh, H=fg+1fy —ch—ch;

and, in order to exhibit the relation of the concomitants to the two quadractic forms,

let
1= A“ O = (’:'.')1.

Then the five uantities required are
Op= (U DB, ¢ T 6, DL P Poo)
®, = (4, B, C, F, G, HY 100, P10 boor)’
A, = Ada + Bb + Ce + 21+ 2Gg 4+ 2Hh,
Ay = Aa 4+ Bb + Cc + 2Ff -} 2Gy + 2H/,

A =|a h g|.

hbfi

g f ¢

The respective values of p, as determined from the relation 8/ 4 2m + % == 3y, are
easily found : we have
Index 4, ©,, A,;
6, O, Ay
8, A.

We have already seen that the index of ®, (= @) is 2 and the index of A, (= L1%) is 2.

Hence an aggregate of algebraically independent absolute tnvariants, which tnvolve
a, b, ¢, f, g, h and thewr first derivatives and which also tnvolve derivatives of a single
JSunction ¢ up to the second order vnclusive, is composed of

)

0, Oy Ajy B Ay 4, .
Sy 21, T ~2]
Al Al2 Alg

* CLepscl, ‘ Vorlesungen iiber Geometrie,” vol. 1, p. 290: the construction of the system is due to
GIORDAN.
VOL. CCIL—A., 2
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the last five involve dervvatives of ¢ of the second order as well s derwatives of the
Sirst order, and the first tnvolves derwatives of ¢ of the first order alone.

Every other differential invariant, involving derivatives of ¢ of order not higher
than the second, together with the quantities «, b, ¢, f, ¢, h and their derivatives of
the first order, 1s expressible in terms of the members of this aggregate. Such a
differential invariant is provided by the discriminant of the quantity ©,, and its
expression is

V= 9, ).

Lt 18 not difficult to prove that
V = Ay — A4,

17. 1t is also convenient, in view of the expressions for the ditferential invariants
of the third order about to be considered, to give the wmbral symbolical expressions
for these invariants just considered. We write

Proo =%y, oo = Uy Popr = Us,
r 0]
X fr— 961, Y = xz, A = :Lg.

In connection with the first ternary quadratic, we introduce sets of umbral symbols
Ay, Wy, b5 Dy, by, by and so on.  In connection with the second ternavy quadratic,
we introduce sets of umbral symbols o'\, oy, @'y V), Uy, U5 and so on. Then we
write

(a, b, ¢, fr g9, WYX, Y, Z) =) = D0 = ...,
(a,b, ¢, £, g, WYX, Y, ZY =/} =V 2= ... ;

and the seven relative differential invariants are

(V')

"
It is known* that another pure contravariant is possessed by two ternary quadratics ;
its symbolical expression is

(aa'w) (ab'c") (a'be) (Dew) (bc'w).

* CresscH, ¢ Vorlesungen iiber Geometrie,” p. 291
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Denoting this by D, we ought to be able to express D algebraically in terms of the
seven preceding forms; as a matter of fact, D® is a polynomial combination of the
forms.

18. The preceding determination of the differential invariants of the specified
order has been based upon a knowledge of the complete system of concomitants of
two ternary quadratics. When we pass to higher orders, the last stage in the
determination of the differential invariants could be completed without further
calculation, if we knew the complete system of concomitants of certain simultaneous
ternary quantics some of which are of order higher than two. But, in general, such
knowledge is not at present possessed ; in its absence, some other method of attaining
the end is necessary. Such a method can be devised in connection with the differential
equations ; as applied to the two quadratics, it is as follows.

As has been pointed out, the equations determine the invariants and the contravari-
ants of two simultaneous quadratics, the contragradient variables being ¢100, bo100 Poor-
Let such an one be

o = 1" 0ty by gy F oo b + - - -

where ¢, ¢, t,, . . . are independent of ¢ ), Po10, Poor s and 7 is a whole number, which
_in the case of an invariant is zero, and which, when ¢ is known, can always be
determined by inspection. Then when this value of o is substituted in the ordinary
way in the first six equations, it appears that ¢ satisfies the four equations

e, (1) =2k g’ f”t +om’ o n el
ot ot ot _
e (1) = +f q+2gaa, '{‘fé*ﬁ"{‘céé——o,
ot ot at .
(/f’y(t) "V {__Zfab a/—l“%”,\h *“Qf(r‘\;b —-{ f o= O
ot

e, (1) = I "’H, +2/q_+1 er +?foc

The third of the former six equations gives, merely by processes of differentiation,
the sucecession of coefficients for ascendmg powers of ¢, ; and the fifth of them gives
the succession of coefficients for ascending powers of ¢, The thivd and the fifth
combined give all the coefficients when ¢ is known. When this determination is
completed, the seventh and the eighth equations are satisfied identically ; and the
ninth is satisfied in association with the proper value of pu. ‘

1t thus is necessary to consider the above set of four equations. When we associate
the equation

R ot
ZQZ
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which is a condition that e; (#) = 0 and ¢, (7) == 0 should possess solutions in common,
the increased set of five equations is found to be a complete Jacobian system. It
involves 12 variables, viz., «, b, ¢, f, g, h, &, b, ¢, f, g, h, and therefore it possesses
7 simultaneous independent solutions.
Two of the seven are known ; they are
Ay = 12 = abe + 2fgh — af? — bg® — ci?,
A =le = f?,
where 4 is the “leading” coefticient of the contravariant @ ; two others, bearing to
the second quadratic the same relation as A, and 4 bear to the first, may be expected
in the forms
A, = abc + 2fgh — af? — bg? — ch?,
A = be — 2
The whole set of seven, including these four, may be constructed by the known
processes of solving complete Jacobian systems of homogeneous linear equations.

Invariants of two Surfaces.

19. Hitherto we have considered the differential invariants which may arise in
connection with a single function ¢ of the independent variables ; and they may be
regarded as associated with the single surface ¢ = constant (or with the single family
of surfaces if the constant be parametric). But in ordinary space, differential
invariants may arise in connection with tortuous cuives or (what is the same thing
analytically) with two families of surfaces such as ¢ = constant, ¢’ = constant. They
may even arise in connection with thiee families of surfaces such as ¢ = constant,
¢’ == constant, ¢” = constant, where there is no identical functional relation between
b, ¢/, ¢" involving constants only.

The simplest of such cases occurs when those differential invaviants are required
which involve no derivatives of «, b, ¢, /, g, & and only first derivatives of two
functions ¢ and ¢".  The number of algebraically independent relative invariants is 4 ;
and the coeflicients of' the highest power of ¢y, which they contain are the indepen-
dent solutions of the complete Jacobian system

9/3& +z) +/, + <{>’010q¢, =0,

(o]8/

100
19 ¢
20 - ’ = 0
«f da “‘l” /a/ (/ 001 a¢/10() 9
¢ 8 0 5
2 T "‘l”' (] ~7 - G A ‘ [¢ N = ()
./ ;\/;I) ! ./ (::Z?; + ('/ /SOOI ‘b/m() 3
Zfﬁa’ + A 5 + b 8 + P10 ny o =0,
< de cg (/ om
0 ') . 0 o 2)
D A, PR Ny R Y U = 0,
) do oh g og + oo a(/)/m_n - ¢on '\(b/m
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Of these 4, two are already given by A, and ®,. TLet
0 0 0
9D = 0 o By e By
B0 T P00 g, T P 00,

then other two are given by D®, and D*®,. The four quantities
are algebraically independent of one another; and so they constitute the required
aggregate of relative differential invariants.

Similarly, we can obtain an algebraically independent aggregate of differential
invariants, which involve a, b, ¢, f, g, h but none of their derivatives, and which

involve first derivatives of three quantities ¢, ¢, ¢” unconnected by any identical
functional relation. Let

0 0 0
oD = &” o Lo L 2
(l) 100 a¢]04', (/) 010 a(#)nl“ (b 001 a(/)()()] ’

then we have, as simultaneous invariants,

A, ©, De, D@, De, DDe, De,

I = f bro0s P P00 -
j ¢0m> (f)/()lf)’ qb”()l(_) |
i f/’nm: ({),1)(11’ ‘f’”(m '

There should be only seven invariants in the algebraically complete aggregate; it is
not difficult to prove that

and

0, Do, Do, =4T,
‘Do, D, DDe,
‘De,, DD'e, D’®, |
so that the above eight quantities, subject to this one rvelation, constitute the
aggregate.

20. We proceed similarly with the determination of the invariants of higher orders
associated with two surfaces: here, we shall restrict ourselves to the consideration
of those invariants which involve derivatives of «, b, ¢, f, g, h of the first order and
also involve derivatives of two quantities ¢ and ¢’ of order not higher than the
second. To obtain the expressions of such differential invariants, we take six new
(uantities

P =202 00 — Playgy — Q (20 = ) — R (29100 — agny) )
b = ZLQ(/)/()g(; - P (Zhom - b_mo) - (Q/[)()lf) - R (2f<‘>m - bnm)
¢/ = 2L 0 — P (2900 = c100) — Q' (2fi1 — Coro) — Riey,,
' =212, — P ("‘floo + G + ]lom) - Q/bom — Rley, ,
g = 2L2¢" ) = Plagn — Q' (fioo — Gono =+ fon) = Rleygg
W =212 ) — Plagy — Qb — R (fioo + Gor0 = hom)
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where .
P’ = A’ 1o + H/y10 + Gy
Q' = He'\py + Bdyi0 + Fdlyy >
R = G¢/![)() + F‘]"’om + G(/SIWI»

These quantities bear to ¢ the same relation as the quantities a, b, ¢, f, g, b bear to ¢.
The differential invariants up to the order specified are the simultaneous invariants
and contravariants of the simultaneous ternary quantics

(d)/lﬂ()’ ¢/()]()J (z)/ﬁ()l,}[X? Y’ Z))
(o, b, ¢, f, 9, WYX, Y, Z)°,
(a, b, ¢, f, g, WYX, Y, Z),

(&, v, ¢, 1, g, WYX, Y, Z),

the variables of the contravariants being &, ¢y, $o-  The total number of
algebraically independent relative differential invariants is 16, being the number of
independent solutions of five equations (as in § 18) which are a complete Jacobian set
and involve 21 variables. Hence the total number of algebraically independent
absolute differential invariants of the specified order involving derivatives of two
functions ¢ and ¢’ 1s 15.

As regards the indices of the respective relative invariants, they are given as
before. Let the invariant be homogeneous in g, Po Pog of degree m; in ¢y,
& 0> Do of degree o' ina, b, ¢, f, g, h of degree m ; ina, b, ¢, f, g, h of degree /;
and in &/, b, ¢, £, g/, i’ of degree I’ Then its index w is given by

(L + 1)~ 2m -+ n + n' = 3pu.

21. The algebraically complete aggregate of sixteen velative invariants can be
expressed in various forms that are equivalent to one another. One such aggregate
of invariants of the second order can be obtained as follows.  We write

[a) ~ )
¢ . ’ (0} ; &) 7 ] .
2D = ¢ Pl + Pon o + oo YR,
L dbona by
and we use the results of § 16.
If there were only one surface ¢, the aggregate of invariants of the second order

would be
A, A Ay, A, 0, 0, 6,

As there is a second surface ¢', introducing a third ternary quadratie, the aggregate
of invariants of the second order must include concomitants that may be denoted by

Ay, Ag, Ay O, G

(or their equivalent), these concomitants having the same velation to the third
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quadratic as Ap, Ay, Ay, Oy, O, to the second quadratic.  Moreover, in the case of
two surfaces ¢ and ¢, the aggregate of invariants of the tivst order is

A, 6, Do, DW,;

and these must be included in the desired aggregate. Further, as regards the
concomitants, the second and the third quadratics will have invariants, standing to them
in the same relations as A, and A, to the first and the second or as Aj; and A, to
the first and the third ; we therefore have Ay, and A, as invariants.
Accordingly, we take the algebraic aggregate of sixteen relative invariants as

composed of the quantities

A, O,

AlQa AQU A:’b @)127 ®2a

A By Ay Oy, By,

De,, D?e,,

Aoz, Agy

Let 2d denote the operator ¢ - 5 4), - =4 bo1o 5 q.'>’ -+ by 5 q& ; then other relative
001
invariants are given by

De, D, De, D, Do, D@,
de, @,

and so on; all of these are algebraically expressible in terms of the above aggregate
of sixteen.

The umbral expressions for these invariants are easily obtained. We take the
notation of § 17, and we further introduce a third set of umbral symbols o”, o, o”,;
b, b7, b5 and so on, defined as '

We also write
U—— ) L I
S =1 Yoy =1y Yo = Uy

and then we have the following expressions for the sixteen relative invariants :—

Ay = & (abe), A = b(aab), = (aab)’,
M=, A=l A= b,
[33 — ?]_‘)_ (Ob//b//(f”)g, AS'[ — 1 (“C{//b/l) Agz —_ _é_(a a//bl/)2’

6, = & (abu)?,
0, =L (db'u),
Oy = % (0w,

Do, = § (abu) (abv'), Do, = § (abu')

0, = (aa'u)?,

0,5 = (aa”u')?,
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Other invariants manifestly are given by
(ac/ad”)?, L (dVuy (dV), (VW) L (a"0"u) (V') % (V)

and so on ; all of them are algebraically expressible in terms of the above aggregate
of sixteen.
The values of the indices of the respective invariants are given by the relation

8(l+1V)+ 2m+n+ n = 3u
i each case. 'The results are as tollows :-—-

Index =2, A, ©, D&, D,
=4 AL, Ay, By, O3
=0, Ay, Ay, Oy Bs,
=8, Ay Ay By Ay

The expressions of the 15 absolute invariants now are obvious.

Lnvariants of the Third Ovder.

22. The caleulations, involved in this mode of constructing differential invariants,
are very laborious for differential invariants of the third order, being the order next
in succession. They are so extensive and demand such sustained attention merely
through long processes of algebra that, if invariants of higher order are required, 1t
will (in my opinion) be necessary to devise some other method of construction.

Only the briefest outline of what bas been done in the case of differential invariants
of the third order will be given, so far as concerns these laborious processes; the
results will be stated.

23. The invariants in question involve derivatives of ¢ up to the third ovder
inclusive ; they also involve the quantities «, b, ¢, f, ¢, , as well as their derivatives
up to the second order inclusive.

The ditferential equations characteristic of the invariants are 57 in number; and
they range themselves in three sets. The first set consists of the thirty equations,
which arise from the derivatives of £, », { of the third order in the course of the
process indicated in § 7; the second set consists of the eighteen equations which
similarly arise from the derivatives of &, 5, { of the second order; and the third set
consists of the nine equations which similarly arise from the derivatives of &, 4, { of
the first order.

The actual formation of the differential equations is effected as in § 7. All that is
needed for the purpose, in addition to the vesults in § 6, is the aggregate of the
expressions of the increments of the second dervivatives of «, b, ¢, f, y, & and of the
third derivatives of ¢ ; and these are special instances of the formulw in § 5.
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The first set of equations, consisting of 30 members, possesses sixteen independent
integrals, as well as a, b, ¢, f, g, h, their derivatives of the first order, and the
derivatives of ¢ of the second order. The sixteen integraly are -

01 = Do + coo0 = 2f0115

Oy = Copq F ooy = 20101

0; == gy + bypy — 2k,

0, = o = 910 = Ny -+ Saons

O5 = by = hory — fiao + Gos

05 = e ~ fion = Gou + hooa s

wy = 2L2¢y,, — Payy, — Q (2hg = ayye) = B (2¢509 — 1)
ty = 2Ly — Payyy — Qbyyy — R (29110 ~ con),

wy == 2Ly — Payy — Q (20, — 1) = Reygp,

wy = 2L2¢yy, — Pay) — Qb), — R (2f110 = bin)s

wy = 2Ly — Pay — Qb — Reyyg,

g = 212 g0 — Prgyy — Q (2fi01 = ¢119) == Reygy,

1y = 2L2¢5 — P (2, — 1o)== Qbyoy = R (299 — Do)
g = 2Ll gy — P (2hyy, — 01) — Qbyyy — Reyy,

ty = 2Ly, — P (2gy), — C110) = Qbggy = Reyy,

Uy = 2L — P (29009 - Cl(ﬂ,) = Q (2f00 — 0011) — Regp.

All these quantities are integrals of the 30 equations, as also are all functional
combinations of them. The integrals of the remaining equations must accordingly be
some functional combinations of @, .. , 6, v, .., u,, as well as of a, b, ¢, [y 9, h, their
derivatives of the first order, and the derivatives of ¢ of the second order.

The second set of equations, consisting of 18 members, possesses sixteen independent
integrals, in addition to a, b, ¢, f, g, b, @, b, ¢, S g, b, and the derivatives of ¢ of the
first order. The sixteen integrals are :—

VOIL. CCILL——A. 2R
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6, = 2120, 4 Aol 4 HE b Gy, - BY, -5 B, 4 OF,
B, == 2020, 4 Ay 4 HE, 4 Gy, + BY, 4+ 1, - OF,,
@, == 2120, 4 Ay -+ HE, 4 Gy, - BY, - B, - C,,

®, = 2120, + Ao/, - HE, + Gy, -+ BY, - B, - CU,,

-+

05 = 212, -+ Ao/, - HE', 4 O/ BY, - 1, 4 O

i

e OT 24 i / WAL (L RS T
& == 2180, 4 Aoy 4 HE 4 Gy -+ B A B - O s
ol o 9T 2 ¢ gy e PN e € R
8 == ALy~ ayagy = Bibi = Vi PA - Qpuy - By,
B T2 - [ iy P e O - B
e 2LPuy — aupogy = Baprig = yespon o Pl - Qg - Bag,

e O 2, — L e e PA o O B
W = 2L — ooy — Bioton V0P PNy = Qpyg = Ry,

W 2 rl s 1 . S PRI g st B L, e . »

B = 2P0y = agtbogy = Babriy = Yabror - Souan — <obun Pry = Qpuy -~ Ru,,
A O 9 3 ’ O F— 7 e PN, e e 7
g = 2L ug -~ agbagy — Bybio = ysbim exchory — Lgog = Py = Qg — Ruy,

W == 2L, e etypogy = Bupiio = Yabror = Sidbopn — Eubony = Phy o~ Qpy — Ro,,
/e QL otgbagy ~ B = Voo = egon = Latboog 'Er))‘ws = Qpg — R,

Vw21 — Bebiio = Vebr ~ Gsos = ore — Lotboon = Ay =~ Qug ~~ R,
A VU = Bybro = Yoo Sythosy — €ybun = Lobou = Phy = Qpuy ~ Ry,

o

s P ) . . o v 7 e 2 e — .
£ == 2L — ogbyy == Bypiao = Vabron = Sstbogy = &byt Lspoog ~ Py — Qg Ry

The various coeflicients «, 5, v, 8, ¢, £, A, p, v ave independent of the derivatives
of .

The coefficients in the six integrals 6, 8y, @y, ©,,6, @ are as follows 1——

{
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( oy = == 0 fro0 + oo + Croofroor = Gorettonns
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DIFFERENTIAL INVARIANTS OF SPACE. s
oy = 617 {G (2000 = i) + F(2f 0 — o) -+ Cegnl,
By = 612 {H (20,0 — cy0) + B (201 = u0) + Feonl,
Yio = 6L2 {A (25’00 - (wo) + H <)/(w Lo >) + (W(’nm)s

A = 2B (Q("om]"mu - "mn.f lm + oo — 4f Ln')_\] tot, 2f 'mofom. - fz.ﬁmf/nm)
+ 2A (2605010599 = "an;f./’()m) + 20 (er09¢001 = SCanGoor)
+ QF (m 20()0!'7’()0), + C’m_nf;,f)o h ('(‘u))f/n}() ""‘ 2“[0()ﬁml, - ”mn@nn+ 3.(/()()1(014) - Qﬁml.(/ut)l)
+ 26 (= 2at05,Co01 =+ Bei00fom == g0 = 65%0m)
~+ 2P1:<2('|.-,|;]7,;|,;_ - |nuf1 on T Cronfonn = 206100

e "1("1;(\1.](«\()\ - ‘4‘5/n<31/’m)1 + 2f 10000 = 2000 001)»

oy = 2A (2“1007?'0% = Cyoforo + ConSro0 = oot -+ 290001 = 2ﬁl‘):’)!]t‘)4>])
+ 2B (27’01)1”0“ = 4o Joor) ZU’( g1onn = 3o Som)
+ ZF( 2bgo1C0; = B foon = g = 6F un)
+ 2(*( ‘—Ct)m/lum + oGm0 = Confroo =t 2Co100m = Cr06Cor0 =+ 3100 fom = (’/:ru](/t)nl>
(2¢m0ltm = oo + oo fioo + 2DoniCin

- "u’umf/um - Aif:)m_/’nm, "}‘ zfm'n.(/um - i);/zm»./;u_n%

N . . 9 \ ’ ) — .0
vy = 2A (( 100 = Croofoor = 24 nm) + 2B <( 010 == ‘ozofool. -2 f 0m> 40
Iy . N . ~ y N E .
+ Z»E (CoroCon = B Soo) =+ 2G (¢ro0Com = d¢unom)
-+ 2H (201_()0("010 = Corofoor = CronSon = "5.f¢>«>1,(/(n»1)-

24. Before proceeding to the third set of equations, one substantial simplification 1s
possible. The various quantities that have been obtained are algebraically independent,
so far as they occur as solutions of partial differential equations. But there may be
intrinsic relations among them owing to the original properties of the quantities which
they involve; such intrinsic relations are known to exist among the differential
invariants of a surface,

As a matter of fact, cach of the six equations 0, ©,, ©,, 6,, ©;, O ts equal to zero,
a vesult established® by Caviuy in a somewhat diffevent form. The six equations
that thus arise, in the case where the independent variables 1, v, w correspond to a
triply orthogonal system, are the well known six relations givent by L.

As the six quantities 0, ©,, @,, 6, 0,, O, are permanently zero, we may use this
property to simplify the equations in Lhe n@xt set.

The evanescence of these quantities might have been wused earher, in order to
modify some of the preceding expressions ; but no substantial advantage would have

* ¢Coll. Math, Papers,” vol. xii., pp. 12, 13.
T A reference is made hy Caviry, loe. cif,, p. 17,
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318 PROFESSOR A, R, FORSYTH ON THE

been derived from their use and there would have been the disadvantage that
modification of the formal expressions, while changing their original form without any
obvious necessity or obvious benefit, removes that form in which they naturally
arise, ,

25. The third set of equations consists of nine numbers. By modifying them in
the same way as the corresponding nine equations in § 10, we obtain similar results.
Thus with the old notation for the operator A, but with the extended significance due
to the occurrence of derivatives of ¢ of the third order and derivatives of a, b, ¢, f, g, It
of the second order, we find

A’ = 3h - 8, — 2Re,,
AR = 2b 4 Pe, - 2RO,
MY =%,
Ak =0,
Ag” = 2of”,
A'I_f” o 1//’
/A
A =0,
Mo !
Al =m" — 2P, + Q6 ,,

A]bn” = 0
A]®] - 0, A](“): == 2(%(;,» Al@)f} - O, "{‘\"I(H)Jg — (,,;)m Al%):) — 0’ A]@ﬁ _ @)] :
AP=0, AQ=—P AR=0.

When we insert in these equations the zero values of the quantities ®, the first ten
of them become

Aqa = 3h", Ag” =27, A =, An’ =0

AR = 21, Af =1, Am” =0,
1b” — k” Ali” = 0
Ak =0,

and so for the equations of the other sets.

Proceeding now exactly as in § 16, we find ultimately that the differential invariants
involving the quantities @, b, ¢, f, ¢, I and their derivatives, as well as the derivatives
of ¢, up to the respective specified orders, are the invariants and contravariants of the
simultaneous ternary forms
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DIFFERENTIAL INVARIANTS OF SPACE. 319
aX? + 29XZ + c¢Z?, aX® -+ 2gX7Z -+ ¢Z?,
+ 20 XY 4 2/ YZ 4+ 2hXY L 2fYZ
+ BY? + DY

a’'X? + 3g"X7Z + 3¢"XZ* 4 n" 72,
+ 8h'X?*Y 4+ 6f"XYZ + 3m"YZ?
+ 3/ XY? 4 317V
-+ kX’Y3
the contragradient varviables being ¢, borps Poor-  Liet any such differential invariant
be homogeneous in ¢y, by, b of degree p; v «, b, ¢, [, g, h, of degree ¢; in

a, b, ¢, f, g hof degree »; ina”, v, ¢, £/, g”, b/, kX", 1", m”, n” of degree s; then the
index p of the differential invariant is given by

Spo=p 4 2g -+ 8r 4 Lds.

Further, as in § 18, there are five bquablons out of the set which are satistied by
the differential invariant when it is an invariant of the ternary system, and by the
leading coefficient when the differential invariant is a contravariant of the ternary
system. These equations are

e (t)=0, e (t)=0, ¢(t)=0, ¢ (t)=0, ¢({)=0,
where the operators ¢, e,, ¢, ¢,, ¢; ave
w=u b

+2h +b +f

N a ; S A
-+ 3h” oa + 20" h// + K’ fxb// + 2f” ag,// +1” ')f// + m” 8;7/ )
0
@=295, 10 Jrfa/,
0
90 9 v
+ 2, o . t f
. 0 5 0 0 0
_l“ 38'// é;// + 2¢” a'g.// + n” oc” + 2f” '\}1// -+' m” '\f// “I ” a(b// >
o, = z
=+ Zfai + Cé*‘ +gxi
S I e B d
+ 3V k// + 2m” al” e Y // + 2 £ 1// + ¢ ! «}// + g a ah// ’
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~ A o
» O + O C
e, =2f bl N0
b 4 dc + cf + oy
0 ¢ ¢
+2f b+ h
ce of g
¢ ¢ ¢ ¢ ¢ ¢
Y yan / ) 4 " : Syl ; 77 " !
43w’ S+ 21 R 2 L R
cn” cm” 1" e’ of” cg”’
n o n 2
, O o O _—
e.=20  — 2 4L —qg.
cb ce on Y oy
¢ o ¢ ¢
+2b. 2 +h. . —g.
ch ae ch g
1 8 1 a 1 ? 1" ? E / ’(\' (r\ P
2} X ’ ) ' a1/ v ! g 14 n C
S8k Y e m” e B3 e 20, e 267 -h R
kot cm” on” a op” dg” ' ot gt

These equations involve 22 arguments; heing themselves 5 in number and a
complete set, they possess 17 solutions.

Aggregate of Tnvariants of the Third Order.,

26. The asyzygetic aggregate of concomitants of two ternary quadrvatics and one
ternary cubic has not yet been constructed, so far as I am aware ; and it therefore is
not possible to select from it an algebraically complete aggregate of invariants and
contravariants. But the established knowledge of the asyzygetic system of two
ternary quadratics™ and of the asyzygetic system of the ternary cubict is sufficient to
permit the construction of this algebraically complete aggregate; it is therefore
unnecessary to proceed with the formal solution of the preceding five equations.

The most compendious way of expressing the results is to use the customary
symbolical notation. We use the umbral symbols adopted in § 17 ; and, in addition,
in connection with the ternary cubic, we introduce umbral symbols ), «,, ey ; 8), By, By ;
and so on.  Then in the usual notation, we can write

(e, b, ¢ fog, DYXOY, Y =, =07 = ...,
(@, b, ¢, £, 8, WYX, Y, 2 = a/ P = 0/ = . ..,
(81”5 b, 01/, £, gJ/’ 1, 1{”, 1, m”, n”IX., Y, .Z)? e = 18{0:'} = ...

Then an algebraically complete aggregate of invariants and contravariants of the
two quadratics and the cubic is constituted by the following seventeen members :
* See the reference in § 16.

T GORDAN, ‘Math. Ann,” vol. 1 (1869), pp. 90-128; GuNpeL¥ixcer, ‘Math. Ann.,” vol. 4 (1871),
pp. 144-163 ; Cavrey, ¢ Coll. Math. Papers,” vol. 11, pp. 342-356.
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DIFFERENTIAL INVARIANTS OF SPACE.
I, = (abe)?,
1, = (abu)?,
I, = (abd')?,
I, = (ad'u),
1
1

V) (Ba'l)) (),

By) () (eeyrr) (Byn),
( By) (288) («y8) (By3),
= (afy)
= («By) (2B’) (Bya') (Byu),

= (afy) (2f8) (nye) (Byu) (Bev)’,
= (2By) (a88) (mye) (ByL) (8¢L)*,
= (afu )’ (ySu)* (Byr) (adu).

(
(2Bt (wya) (Bym),

By)
)

The first seven of these are the set of seven in § 17, which belong to the system of

Jd d 0
Wb nan e B
respectively, inserting these changes in I,, 1, I; so as to turn them into operators,
and then operating upon the known mixed concomitant a,B, («Bu)* belonging to the
cubic. Of the remainder, I,,, Iy, I,;, I;;, I); belong to the system of the cubic; I
and I, are obtained by operating on I,; with the symbolical operators

two quadratics. The next three are obtained, by replacing u,, u,,

g N2

¢ . 4 ) \
by ) and (‘M o + , ﬂ(—m -+ o, » )
", \ ' cu

;/

)
~

0* o? o? 0? 0* o
/ J / J
a A e T kaf ey O oy O
2 Ciy Cllg” Clly Gy Gl OUy Clly Olly
52 52 72 "2 2
E)_,,é 4+ b ﬁa e o ‘L_ - og O o
ou, 1? Oirg* cu, Oy dug Qg ou, o,

VOI., CCIL—A. 2
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322 PROTESSOR AL R FORSYTIL ON TiE

27. All these expressions are given in umbral symbols.  Cousiderable labour might
be involved in the process of transforming them so that the changed expressions
involve the real symbols; but it is possible to avoid most of this labour by remem-
bering that all the functions are invariants and contravariants of a system of ternary
forms, many of which have been calculated and are tabulated in connection with the
theory of homogeneous forms.  Accordingly, the outline scheme of the real expressions
is as follows.

The explicit non-umbral expressions for the first seven of these differential
mvariants have been given in § 16. The invariant 1,, 1s given in explicit form by
JAYLEY, who denotes® it by PU. The invariant I is given in explicit form by
Cavrey, who denotest it by QU. The invariant 1, is given in explicit form by
Cavrry, who denotes] it by FU. The invariants 1, and 1, are given in explicit
form by Cavrry, who denotes§ them by S and T respectively. The invariants I,
and I, are obtained by operating on I, with the two operators given at the end of
§ 26.  The actual expression for Ig is obtained by developing the umbral form : it is
found to he

IS e {A (b//cll — f//2> + B (k/lm/i — 1//;2) m“m (J(l//‘n// . L/n//Q)
+ F(kl/n// — l//m//) —i" G (b//n// "_}_ c//l// — 2f//m//> “J[" IJ <‘b//m//+ C//k// — 2f//1//>}?LlQ

+ {A (a//ci/ — g,//2) + B (h//m// — f//_-z) + O(g//n/f - G//g)
+ _Z,',’ (h//n// + g'//m// _— 2f//c//) + (} (aji/n// . C//g,//) ”%N ];I(C//h// J‘__ a’//'In/i — 21.‘//g,//> } ui);z

+ { A (a.”b” . h//z) + B (h//k// — -b//;z) + ¢ (g//l// o .f//_»z)
+ F(h//I// + g.//k// — zb//f//) 'JI“" G (&//1” ,{“ b/ig/f . 2f//h//> + }] (&//k// —_ b//h//) }qu

+ 92 { A (g//h// — a”f”) + B (b//f// — h”l") ‘I“ 18 (g”f” . g‘//m//>
+ F(f//z 4+ b’¢" — W'm” ~— g”i”) + @G <c/fhi/ . a’/m”) + H(b/’g” o a/’l”)} Uyt

+ 2 {A (f//h// — b//g//) + B (h//l// — f//k//) "i" O(nl//fﬁ i C//].//>
_I_ F(b//m// — 0//k//) + G (f//;], ,,.{,.A h//m// . 1//g// o b//c//) + }]’ (lllh// — g//k//)}”gu'l

+ 2 { A (f//g,// — c//h//) 4+ B (f//l// — b//mf/) - C( NG :f”n”)
+ F(C//ll/ . b//n//) + G (g//m// — h/’n”) + (f”?» A+ 1//g// — 1w - b”c”)} ity

* «Coll. Math. Papers,” vol. 2, p. 326. It should be mentioned that the quantities a, b, ¢, /; g, hy 4, J, &, 1
in CAYLEY’S memoir are to be replaced by a’, k", n", 17, ¢”, k", wm", g", b", £ respectively, that the
quantities & », ¢ in CAYLEY’S memoir are to be replaced by wy, w, g, and that I,; contains a numerical
factor 6 which can be rejected.

T ¢Coll. Math. Papers,” vol. 2, p. 327, with similar modifications and rejection of a numerical factor.
¢ Coll. Math. Papers,” vol. 2, p. 328.
¢ Coll. Math. Papers,” vol. 2, p. 325,

[Z e
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DIFFERENTIAL INVARIANTS OF SPACE. 323

The expression of I, is obtained by substituting 2, ¥, €, §, ¢, H for A, B, C, F, G, H
in Iy throughout ; and the expression for I, is obtained similarly by substituting
A B C P G Hfor A, B, C, F, G, H in I throughout.*

28. All the 17 differential invariants so far given are only relative invariants; it
remains to obtain the index of each of them, so as to obtain the absolute invariants.
These indices are given by the formula

3w = p -+ 2¢ -+ 8r - 16s

of §25, and are found to be as follows :—

Index 2, I, 1;
4, L, I,;
6, I I4;
8, L;

12, Iy

14, 1,

16, Ly, Iy, Lgs
18, Ty,

20, Iy,;

22, T,p;

26, Ty

30, I

3

160

Accordingly there are sizteen  algebraically  independent  absolute  differential
mpariants up to the specified order in the derivatives of @, b, ¢, f, g, h and the
derivatives of ¢; and an algebraically complete aggregate of these invariants is
provided by the set

LI LE L L DL L= L0 L7
L7 VO P N S UV Ut S B P Im“l% Lty L0y L=,

Geometric Significance of the simpler Invariants.

29. We proceed now to obtain the geometric significance of some of the differential
invariants which have been obtained.
The only invariant which is free from derivatives of a, b, ¢, f, g, b, ¢, ¢/, ¢” is the
quantity, denoted sometimes by L? and sometimes by A,.  We have
Ay = L2 = abe + 2fgh — af? — bg® ~ ch?;

* A factor 2 needs to be dropped from Iy and Iy, in passing from the symbolical form to the developed
form.

2T 2
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and we have alveady (§ 3) seen that

The invariants, which involve the magnitudes «, b, ¢, f, ¢, I but none of their
derivatives, and which involve derivatives of ¢, ¢, ¢” of the first order, may be called
the differential invariants of the first order.® They are the quantities denoted (§19)
by ©,, D®,, D'e,, D'e,, DD'®,, D?@,, 1. In order to give the geometric significance
of these invariants, it is necessary to take account of the various directions, through

the point @, v, z, as determined by the three surfaces ¢, ¢/, ¢”.

It will be convenient (mainly for the sake of brevity) to adopt an alternative
notationt for derivatives of w, v, z with vegard to w, v, w.  We write

cr . e y
~ = Ly P L
b cu” '
~ ~) ~.) N
o [t i . T s
T TN n oy T L,
cv [oNE N exh [6X20d
- s
(e & —_— " PRy — [eh i —
, T i bl s R HE
cuw ’ Wty tw Cow? ”

and so for derivatives of y and z. Also, tollowing Cavruy, we take

ST év 53; MNis TNas Ny ‘:1: g;]ﬁ C:;a
to be the minors of @), @, wy, 141, ¥, 95 7, 20 2y respectively in

Xy, @y

Yoo Yo Uy

We then have
ca=u®+yt J= g iy 2k

b=y 4y + 27 g = wgey Y+
¢c=a) + "+ he =, 4+ 4y, + 7%

A=EP 497+ 07 F=&& + s + LG,
B= é:-»L -+ "!f + C»‘ﬂ G = é'gl + g &L,
C= '5 + 710 -+ L H = §l§2 + nmy -+ e

Let din denote an element of distance through the point, in a direction normal to
the surface ¢ = constant, and let

¢ (1, v, w) = D (x, 1, 2).

* The magnitudes ¢, b, ¢, f, 7, h, by their definition, involve derivatives of #, y, ¢ of the first order,
1 This is CAYLEY's notation ; see note to § 1.
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DIFFERENTIAL INVARIANTS OF SPACEL. 320
Then iy = Dat) + Dy, + D2y,

T A
by = Doty + Dy b2y

0= (Aa B, C, I, G, HI‘LNW ¢<)m* ‘/’Ut)l)i
= (11 + bous + dunés)’
+ (P10 + Poime = fonms)®
+ (Pinds + borels + Ponls)’s
on substituting for A, B, C, ¥, G, H; when further substitution for ¢, ¢y, ¢
from above takes place, we have

0, = (0, + & 4 &f) L2

Now

Now

de dy  dz

di _du _dn _ [

([)'U - (1)y - ([)5 - (([)<u:) + q)yfl + (j_);:l)?, 5
so that

dp _ dd e dy

S =0 =, N (I) [

dn  dn “dn + (Z}L + cln

::((D +([) +([))'

and therefore
e, ’dqs‘)-f
12 ((.[’I'&, '
30. Let dn’ denote an element of distance through the point in a direction normal
to the surface ¢’ = constant ; and similarly let dn” denote an element of distance
through the point in a direction normal to the surface ¢” = constant. Also let
¢ (1, v, w) = @ (e, vy, 2), ¢ (w, v, w) =D (x, vy, 2).
Then, as
0 ) J
. —_— / 4 ’ /
2D =4 100 5 + o o + Pon o
4’10 “f’om 4’001

‘)’I)l (/)”100 ’)(ﬁl 0 (/5”010 ';4)0 0 (b//()()l 8%01
De, = ((/’wof L+ ¢ulofz + ?”00153) (‘75,10051 + d”omfz + </)/umf3)
+ (‘f)mo"h + bomy + ‘ﬁum’?:&) (4)/]00")1 + ¢’/010”7:3 + 95,001.’73)
+ <¢‘100Zl + bo1ly + ‘ﬁomgs) (ﬁblloocl + 4’/01042 + ¢/001§3)
= ]2 ((IMI)’ v+ D, (1)’ -+ <1>A.(I)’,)

— 12 s dp de’ <daz da’ | dy dy" + de de )
dn dn’ \dn dn’ ' dn dn/ dn dn’,

we have
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where 0 is the angle at which the surfaces intersect at the point, that is, the angle
between the normals to the surfaces. Thus

De, _ dé dep’
12 dndw

cos O/,

Further, let @ be the angle at which the two surfaces ¢' = constant, ¢ = constant,
intersect; and let Q' be the angle at which the two surfaces ¢ = constant,
¢” = constant intersect. Then we have similarly

o

D, _ (d\? Do, _dpdy’
SRSE S canefll (RN A P o R A s ()
L2 <\czn/> ’ 2 dn dn
62 707 Z 1263 NITAY)

DD‘»)L = Eljj/ QZE#U' COS Q, D O] == (dd)/ \ .

I dn’ dn I2 \([[’ll/ ¢ /

23

31. Again, let ds denote an element of arc through the point along the curve of
intersection of’ the surfaces ¢’ = constant, ¢” == constant ; let ds’ be a similar element
along the intersection of ¢ = constant, ¢” == constant; and let s” be a similar
element along the intersection of ¢ = constant, ¢" = constant. Then

/ (J’M ’ (ZU 17 ;
- : 0 —mz ()
(/> 100 7 ({5010 s -+ f 0oL >

: 7,
B T W T W O =0
and therefore

Ldu L de L dw

O,ds — O,ds O, ds
say, where

01, 0p, 0y = s Pogs Plon 1;

(/)Nmm "/’Nufm (/’N()()l ll

Now » _
(0, b, ¢, /g, hidu, de, div)? == ds,

so that
= (a, b, ¢, f1 g, X0, 0, 05)°

&

say. Thus
Ldu Udo  Udw L
Ods " Gyds ~ Oyds
Again, we have

wy = (a, b, ¢, f, g, W0, 6., 8,)
= (w0, 4 ety 4 205)" - (1,0, + v, + ysbs)” 4 (2,0, + 26, + 20,)"
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But
0, Fx byt b=, , x, , x4
100> Pows  Poan
100 P 0100 o

=| Ty . Xy

R I e R O e L T e 0 ol
(b”‘,;fﬁ] + (I)Uy,l 1+ q)//:zlﬁ (P”_,.Ll'z + (I)//_q/yg—"' (I),/_.ZQ, q)//‘/lx?)_{_ q)”g/yg + q)//~~3 ‘
— (q)/yq)//: . CID':(I)”]/) 1,

and similarly for v,0, 4+ .0, 4+ v,0;, 2,0, + 2,60, + 2,0, ; hence
'”‘9 — L’), {(q)/y(bllg —_ q)/:(p//y)z + (®/zq)//a: —_ ¢/.'r(b//z)z + (q)/rq)//y — q)/?/q)//x):z}
— L?, S((D/ P + q)/ 9 + (p/~2) ((D//J;Q + (I)/Iy_?, + (1)1/22) —_ (q)lx(bl/x + (D/y¢lfy + @/zq)//:)Q}

=12 (Gh) (o) i

This result is useful for the identification of the invariant I. We have

95100 > ‘f’om ) 9{)001
‘f”wo > ‘Jblow ) ‘f”om
1 4’”101» (#”010, d’”om |

= 01100 + baboro + 93%“1
1 d
= \/w° (‘f)mo (]M + q—"om + Poor - H)

ds
qu (7q3’ d” .

sin Q.
ds dn’ dn”

This expression can be modified so as to become skew symmetric in the three
surfaces. Take a sphere, having its radius unity and its
centre at the point; and let the directions ds, ds’, ds”,
dn, dn/, dn” cut the surface at S, §/, §”, N, N/, N”.
Then SS'S” is the polar triangle of NN'N”; and
N'N”=0, NN =0/, NN’ = 0"”. By a known pro-

perty of such triangles, we have
cos NS sin Q = cos N’S' sin Q' = cos N”S” sin 0"
= (1 — cos® @ —cos® Q' —cos® Q" + 2 cos O cos Q' cos Q)

=V,



http://rsta.royalsocietypublishing.org/

THE ROYAL
SOCIETY A

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL
SOCIETY A

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

528 PROFESSOR A, 1. FORSYTH ON THE
say. Now ‘
n == cos SN . ds,
so that '
d :
dp == CZ(;’ cos SN,
ds dn
Henee

T =1,9%d¢ d§” cos SN sin Q

dn dn dn”
de dep’ dp”
= Ly 4P ae de
dn dn' dn
the skew symmetric expression required,

It is easy to verify that the values obtained for the invariants satisfy the relation
in §19.

Signaficance of the Invariants of the Second Order,

32, Passing now to the differential invariants of the second order associated with a
single surface, we shall adopt another method of identifying them geometrically. The
functions are invariantive through all changes of the independent variables and
therefore possess the value given by any particular selection of variables. Now one
simple transformation of the variables is that which makes @, g, 2 vespectively equal
to the independent variables, so that we take

@, Y=, &=
With these values, we have
=1, b=1 c¢=1, f=0 yg=0 lLh=0;
A=1, B=1 CO=1, F=0, G=0, H=0;

I;g’ == ].)
and
- ;'}Zhﬁs#;z(ﬁ
bun = S Dy
Also ‘,
8 == 2bogy == 2er, £ == 2oy = 2y,
b =250 = 20y § =20 = 2,
6= 2¢ppn = 2, B = 2oy = Doy
Hence :

® 2 2
=gt 42,
1

B0 = ()b (o ) 67 (b )
1 N -
- 2‘151({5319"-@5 = 2, poprr — g‘ib.zf‘i’”:"f’w
b8 e b s |
1
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@

Y= = b b b b
bays by by Py
bes By Py b
ber by, b, O

(qSy.,,qS,: - ¢yz2) ‘#’wg +

A, , . )
iﬁ Zzil; = d’yy‘?—":: - d)]/:# + ¢::¢x.y - (]S;-J;" + ({) »t.‘c(#v/y -— ¢) 2y
A
% A_%; = qSIZ’ d’zy’ qsu

d)-’l’.?/ ’ ¢.‘/J/ ’ qs.‘/ %
¢xz, qsyz) qszz

As usual, let R, and R, be the principal radii of curvature of the surface
¢ = constant ; and let

= é(¢72 + ¢’y2 + 4’:2)}’

for the radii Ry =R, and R, =R. Then* the two values of o are given by the
equation

bor— 0, by N , ¢, | =0;

bay v Py — o Py s Py

T N

. ¢J‘ ‘ 3 ¢j/ 5 d): b O
and therefore
(¢././¢ 4)‘% )
g0, =
o b0+ b+ qbﬂ
+ oy = (qsyy + ¢«~) d’f s S Zd’ qS,,qSh,,
b2 + ¢ + b
Consequently
8 = ¢ + ¢, + ¢
0,4 . P1P2
© 1 .
A, RR,’
and therefore
@2 — 4 @12 1

* Frosr, ‘Solid Geometry,” p. 293
VOL. CCIL—A. 2 v
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330 PROFESSOR A. R. FORSYTH ON THE
Similarly
®12 J— ‘
e 1T

and therefore

O _ <1 -}_> ©)\2
a2 2 R, + R, (A1>
1 1Y\ (de\?
= 92 (.- [
<\R1 + R,/ <dn/
Again, we have
A
4 _Tox T Moy T o
d (¢ + &° + ¢2)*

so that

and therefore

BP _ brps + 2hboby + 20uhsd: + byyb) + 20ubyd: + b’
dn? ~ b2+ b + 7
Hence.
0, _ 18,0, 10,
Aydn® T PARA PAR
that is,

IOI'-'

(o) =2 = G+ ) @)

by _ 5 < 1\d¢
AP T % dn? T R, T R2> dn’

and therefore

33. Let U, V, W denote ¢, y1p Poor respectively ; then the directions of the lines
of curvature, through the point , y, z on the surface ¢ = constant, are given by the
equations

dU, U, de =0,
dv, V, dy
AW, W, d

Ude+ Vdy+ Wdz=0.
Let 7, m, n denote the divection-cosines of either line ; then
| al +hm +gn, U, | =0,
"hl4+bm+fn, V, m |
gl+fm4cen, W, n

Ul4+ Vm+ Wn=0.
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The former of these can be replaced by the three equations
al + hin 4 g = pU + ol
hl 4+ bin + fn = pV 4 om r
gl + fm 4+ en = pW + on J

Pom® 4 n® =1,

and we also have

Let ds be an element of are of a line of curvature ; then

dep / 00\
ds <dn> \l ow R oy o 87> on
=<l£c+m +1za\(d> P4 b, + P2

l(Ua,—{—Vh—l— Wg)+m(Uh+Vb+Wf)+n(Ug+Vf+ Wc)
(UQ+V2+VV2)

Multiplying the foregoing three equations by U, V, W and adding, we have

2 ) ) — ¢ 2 2 ! ‘dep
p (U2 4+ V2 4 W2) = 2 (U2 4+ V2 W2 ds(dn)

de _ cl cld)>
Pan = ds (rlw = 25,

that is,

say. Multiplying the same three equations by /, m, n and adding, we have

o = al® 4+ 2him + 2gin + bm® + 2fmn 4+ cn?
20

3 on’

~where R is the radius of curvature of the principal normal section at the point.*
Thus p and o can be regarded as known.
Again, solving the three equations for /, m, n, we obtain three results of the forin

l=p, U, h g

V, b— o, f
W, f , ¢c—o

, b — o, f
g f > C-_O-‘

f a — o, h . g
|
|

When these are substituted in /? 4+ m* 4+ n* = 1, we have

! a— o, h | g = p'd,
| h . b—o, £ |
| g f , ¢c—o

* Frost, ‘Solid Geometry,” p. 290.
2 U2
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where, after some reduction, ® is found to be given by

i L O R C RN o [ALE, A0 @,
D= gt O 2 12 ( 129 89 3 P2
A A + CA! At + Al‘)/)
— 9o DB — A0y Ol — 4,0,
Ay A
Morcover
A
i a - o, h > ~2 J‘”‘ '“0‘0""0')’;
| ' At +, |
’ h , b—o, f
|
g f , ¢c—o |
consequently
I </A.) A.)l A-lz b o.jg
e =gt — o7
p2 \A14 A]& Alz /
(&) ® a* : o
— ot 03P TN g ALe 4 3A.0
a g 5 4 2 2 P
A, A‘,-*+A,*‘( 1292 209, + 34,0,)
_— 20‘. (@);)Alq — Aq(g)l) + l . ((g)wA;)l = A')@m)
AV i AT T

When o = o, we may take
28 2 d <dc/>‘ .
pP=FP= dé — dpds, dnl’
dn  dn
when o = o,, we may take
28, _ 2 d <d</>>
d — de ds, '

dn dn

el
Il
S
I

I

dn

The two equations which thus arise by taking o = o, and o = o, when combined
symmetrically and rationally, may be regarded as two equations defining A, and A,
algebraically in terms of the quantities i3 <d¢) and & <d¢>

ds, \dn, dsy \dn

34. The geometric significance of most, if not all, the differential invariants of the
second order, which occur (§21) in the algebraic aggregate when two surfaces are
given, can be obtained by noting the properties for the second surface corresponding
to those discussed for the first surface ; they will not be considered further in this
memoir.

Nor is it my intention in this place to discuss the geometric significance of the
sixteen members of the algebraic aggregate of differential invariants up to the third
order inclusive which occur (§28) when there is only a single surface. But one
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remark may be made. Out of the aggregate of sixteen, six already have been
identified ; they are invariants of order less than three, so that there remains the
identification of the ten invariants which actually involve quantities of the third
order. Let H and K denote the mean curvature and the specific curvature
respectively of the surtace ¢ = constant, so that
_— 1 1
H= _ + R,

R,

1
K= RR,

Then the geometrical magnitudes available for the identification of the invariants are

dH dH dH

dn 7’ ds, ’ ds,
dK dK dK

dn ds, ’ dsy
I . <d2¢,\ 4. ( £lfi¢?>
dn3 ’ ds] dn? ) ’ (,Z.S‘2 dn®)’

@ (CM)) , d? <d§/’> , o <d¢> ’

ds*\dn ds, ds,\dn ds,? \cln

being twelve in number. Accordingly, it is to be expected that, among these
quantities and the quantities already used, which are

ok 0P ddhy (i

dn’ dw?’ ds \dn/’ dsy\dn/’

two algebraical relations exist.
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